
THEORETICAL STUDY OF THE MAGNETIC FIELD I N  

THE LUNAR W A K E  

Y. C. WHANG* 

Laboratory fo r  Space Sc iences  
Goddard Space F l i g h t  Center  

Nat iona l  Aeronaut ics  and Space Adminis t ra t ion  
Greenbel t ,  Maryland 

January 1968 



l -  

ABSTRACT 

When t h e  s o l a r  wind i n t e r a c t s  w i t h  t h e  moon, t h e  plasma shadow 

reg ion  on the  d a r k  s i d e  of t h e  moon forms a long l u n a r  wake. I n  t h e  

plasma umbra a d e t e c t a b l e  plasma flow is a b s e n t ;  and i n  t h e  penumbra 

t h e  plasma f l u x  i n c r e a s e s  from t h e  v o i d  c o n d i t i o n  i n  t h e  umbra t o  t h e  

i n t e r p l a n e t a r y  cond i t ion  o u t s i d e .  A t h e o r e t i c a l  model f o r  p e r t u r b a t i o n s  

of t h e  magnetic f i e l d  i n  t h e  p lasma shadow i s  s t u d i e d  by d i r e c t l y  

s o l v i n g  Maxwell's equa t ions  f o r  s teady s t a t e  s o l u t i o n s .  

o f  t h e  f i e l d  is assumed t o  be due t o  t h e  magne t i za t ion  c u r r e n t ,  t h e  

g r a d i e n t  d r i f t  c u r r e n t  and t h e  curvature  d r i f t  c u r r e n t ,  Numerical 

s o l u t i o n s  are ob ta ined  t o  d e s c r i b e  t h e  v a r i a t i o n s  of t h e  magnetic f i e l d .  

The r e s u l t s  ob ta ined  are i n  good agreement w i t h  experimental  o b s e r v a t i o n s  

from t h e  Explorer  35 s a t e l l i t e .  

The p e r t u r b a t i o n  
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I. INTRODUCTION 

I n  a r e c e n t  paper ' ,  h e r e a f t e r  t o  be r e f e r r e d  t o  as Paper 1, t h e  

s o l a r  wind flow around the  moon has been t r e a t e d  as a f r e e  molecule flow 

of gu id ing -cen te r  plasma. Under the assumption t h a t  t h e  gu id ing -cen te r  

p a r t i c l e s  move along s t r a i g h t - l i n e  p a t h s  u n l e s s  i n t e r c e p t e d  by t h e  moon's 

s u r f a c e ,  a n a l y t i c a l  s o l u t i o n s  5ave been obtained t o  d e s c r i b e  t h e  i o n  flow 

f i e l d  i n  t h e  v i c i n i t y  of t h e  moon. T h e o r e t i c a l  r e s u l t s  p r e d i c t  t h a t  

when t h e  s o l a r  wind i n t e r a c t s  w i t h  t h e  moon, a long n o n - c y l i n d r i c a l l y  

symmetrical l una r  wake forms downstream of t h e  moon. The t h e o r e t i c a l  

d e s c r i p t i o n  of t h e  flow cond i t ions  i n  the  i n t e r a c t i o n  r e g i o n  g iven  i n  

Paper 1 agrees  ve ry  w e l l  w i t h  experimental   observation^"-^ from t h e  l u n a r  

o r b i t i n g  s a t e l l i t e  Explorer  35: (1) Shock waves, e s p e c i a l l y  a bow shock, 

do not e x i s t  i n  t h e  v i c i n i t y  of the moon, and ( 2 )  a plasma shadow r e g i o n  

forms on t h e  d a r k  s i d e  of t h e  moon. I n  t h e  umbral r e g i o n  a d e t e c t a b l e  

plasma flow is  absen t ;  and i n  the  penumbral r eg ion  t h e  plasma f l u x  

i n c r e a s e s  from t h e  vo id  cond i t ion  i n  t h e  umbra t o  t h e  i n t e r p l a n e t a r y  

c o n d i t i o n  out  s i d e  

The magnetic f i e l d  experiments2*4J5 on t h e  Explorer  35 spacecra:t 

have revealed many i n t e r e s t i n g  f e a t u r e s  of t he  i n t e r p l a n e t a r y  magnetic 

f i e l d  i n  t h e  l u n a r  wake. The i n t e r p l a n e t a r y  magnetic f i e l d  appea r s  t o  

be convected through t h e  luna r  body without  l a r g e  p e r t u r b a t i o n s .  A s  t h e  

s a t e l l i t e  pas ses  through t h e  lunar  wake, t he  magnitude of t h e  magnetic 

f i e l d  i s  observed t o  i n c r e a s e  i n  the  umbral r e g i o n ,  while  o u t s i d e  the  

umbra t h e  p e r t u r b a t i o n  of t h e  magnetic f i e l d  appears  t o  fol low a coherent  

p a t t e r n  of a l t e r n a t i n g  dec reases  and inc reases  i n  t h e  magnitude of t h e  f i e l d .  
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Ness e t  a l O 5  suggested t h a t  p e r t u r b a t i o n s  of  t h e  magnetic f i e l d  

i n  t h e  v i c i n i t y  of  t h e  moon are due t o  t h e  induced e l e c t r i c  c u r r e n t  

con t r ibu ted  from t h r e e  sources :  t h e  magnet iza t ion  c u r r e n t ,  t h e  g r a d i e n t  

d r i f t  cu r ren t  and t h e  cu rva tu re  d r i f t  c u r r e n t ,  A t h e o r e t i c a l  i n v e s t i g a t i o n  

of  t he  pe r tu rba t ions  of  t he  magnetic f i e l d  i n  t h e  luna r  wake due t o  

the  induced e l e c t r i c  c u r r e n t  i s  r epor t ed  i n  t h i s  paper .  

A s teady  s t a t e  s o l u t i o n  i s  s tud ied  assuming t h a t  upstream of t h e  

moon t h e  undis turbed i n t e r p l a n e t a r y  magnetic f i e l d  €33 is not  a l igned  

w i t h  t h e  d i r e c t i o n  of t h e  undis turbed s o l a r  wind v e l o c i t y  Fo6i7 I n  

P a p e r  1, the  flow f i e l d  has been found t o  be symmetrical  about  t h e  p l ane  

pass ing  through t h e  c e n t e r  of t h e  moon and p a r a l l e l  t o  bo th  Llo and %- 

V a r i a t i o n s  of t h e  magnetic f i e l d  i n  t h e  p l ane  of symmetry are c a l c u l a t e d  

by consider ing t h a t  t h e  number d e n s i t y  N and t h e  p a r a l l e l  p r e s s u r e  P I I  

of t h e  plasma a r e  approximated by t h e  f r e e  molecule flow s o l u t i o n ,  t h e  

so c a l l e d  "zero th  order"  s o l u t i o n ,  ob ta ined  i n  Paper  1. T h e o r e t i c a l  

s o l u t i o n s  obtained under t h i s  approximation can e x p l a i n  the  g r o s s  f e a t u r e s  

of  t h e  p e r t u r b a t i o n s  of t h e  i n t e r p l a n e t a r y  magnetic f i e l d  observed i n  

t h e  luna r  wake. 

I n e v i t a b l y ,  p e r t u r b a t i o n s  of t h e  magnetic f i e l d  and t h e  induced 

e l e c t r i c  f i e l d  w i l l  s l i g h t l y  modify t h e  t r a j e c t o r y  o f  t h e  gu id ing -cen te r  

p a r t i c l e  and hence modify t h e  p l a sma  flow. 

produce a " f i r s t  order"  t h e o r e t i c a l  s o l u t i o n  f o r  t h e  plasma flow. Of 

course  t h i s  f i r s t  o r d e r  s o l u t i o n  w i l l  i n  t u r n  modify t h e  s o l u t i o n  f o r  

t h e  f i e l d  Pe r tu rba t ions .  These h igher  o r d e r  e f f e c t s  are  not  inc luded  

i n  t h e  p re sen t  s tudy.  

T h i s  m o d i f i c a t i o n  should 



- 4 -  

11. GOVERNING EQUATIONS 

The v a r i a t i o n  of t h e  magnetic f i e l d  is governed by Maxwell's 

equat ions.  Under t h e  assumption t h a t  t h e  d e n s i t y  of t h e  t o t a l  e l e c t r i c  

c u r r e n t  i n  the  luna r  wake is composed of t h e  d e n s i t y  of t h e  magne t i za t ion  

c u r r e n t ,  &, t h e  g r a d i e n t  d r i f t  c u r r e n t ,  Q, and t h e  c u r v a t u r e  d r i f t  

c u r r e n t  , Ja, Maxwell's equa t ions  can be w r i t t e n  as 

and 

Le t  - C denote  t h e  r e l a t i v e  v e l o c i t y  of a charged p a r t i c l e  w i t h  

r e s p e c t  t o  t h e  moving magnetic l i n e ,  and 3 t he  u n i t  v e c t o r  along t h e  

d i r e c t i o n  of - B. The g y r a t i o n  o f  a charged p a r t i c l e  of mass m about t h e  

f i e l d  l i n e  w i t h  t h e  pe rpend icu la r  v e l o c i t y  component g ives  r ise  t o  a 

magnetic moment 

The magnetic moment is r e l a t e d  t o  t h e  pe rpend icu la r  p r e s s u r e ,  P,, by 

P, = B p f d C  -- 

where f is t h e  d i s t r i b u t i o n  funct ion.  Thusthe a d i a b a t i c  i n v a r i a n t  of t h e  

magnetic moment i s  equ iva len t  t o  

P,/N B = cons tan t ,  ( 3 )  
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where N denotes t h e  number d e n s i t y  of t h e  charged p a r t i c l e s .  Other 

approaches to  y i e l d  E q .  ( 3 )  can be found i n  References 8 and 9 .  The 

d e n s i t y  of  the magnet izat ion c u r r e n t  can be expressed as 

I n  t h e  presence of a g r a d i e n t  of t h e  magnetic f i e l d  o r  a c u r v a t u r e  

of t he  f i e l d  l i n e ,  t h e  g r a d i e n t  and t h e  c u r v a t u r e  d r i f t  v e l o c i t y  of a 

p a r t i c l e  of charge q are r e s p e c t i v e l y  

S ince  p a r t i c l e s  of oppos i t e  charge w i l l  d r i f t  i n  o p p o s i t e  d i r e c t i o n s ,  

e l e c t r i c  c u r r e n t s  a r e  produced by t h e  g r a d i e n t  and t h e  c u r v a t u r e  d r i f t .  

The p a r a l l e l  v e l o c i t y  of p a r t i c l e s  w i t h  respect t o  t h e  moving magnetic 

l i n e  i s  r e l a t e d  t o  t h e  p a r a l l e l  p r e s s u r e  by 

Thus t h e  d e n s i t y  of t h e  g r a d i e n t  d r i f t  c u r r e n t  and of t h e  c u r v a t u r e  

d r i f t  c u r r e n t  can be expressed as 
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Making use of equa t ions  ( 3 ) - ( 6 ) ,  Eq. ( 2 )  can be expressed as 

Here t h e  las t  t e r m  on t h e  r i g h t  hand s i d e  i s  due t o  t h e  cu rva tu re  d r i f t  

c u r r e n t .  

L e t  t h e  s u b s c r i p t  denote  the  undis turbed i n t e r p l a n e t a r y  

Then i n  terms of t h e  fol lowing c o n d i t i o n  upstream of t h e  moon. 

dimensionless  v a r i a b l e s :  

and t h e  dimensionless  parameters:  

Maxwell's equa t ions  [(l) and ( 7 ) ]  can be reduced t o  t h e  fol lowing 

dimensionless  form, 

and 

Let?, and 3 be r e s p e c t i v e l y  t h e  normal and binormal v e c t o r  t o  

the  l i n e  of fo rce .  Then using the S e r r e t - F r e n e t  formulas,  i t  can be 

shown t h a t  

and 



- 7 -  

Here n is cu rva tu re  of t h e  f i e l d - l i n e s  and ~1 %L 9- k L  '52 

is c a l l e d  the  abnormality of t h e  f i e l d .  Making use of t h e s e  two 

equa t ions ,  (9)  may be r e so lved  along t h e  d i r e c t i o n s  ,el , -ti and % t o  

g i v e  

3% 3x3 

Q = o  

( n 1 - T  2 9  = - b a n  a~ 3% 

2b a and ( n  + -) = - b + K [ ( n  + 9) b - I) p]. 
8% a+ 

Eqs. (10) i n d i c a t e  t h a t  (i) abnormali ty  of t h e  f i e l d  i s  always z e r o  

which means t h e r e  i s  no t o r s i o n  of neighboring f i e l d - l i n e s ,  and (ii) 

t h e  curvature  d r i f t  c u r r e n t  (qpxe,) - does not  d i r e c t l y  e f f e c t  t h e  

v a r i a t i o n  of b along t h e  binormal d i r e c t i o n ,  
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111 PLANE OF ANALYSIS 

C y l i n d r i c a l  coord ina te s  ( r ,  a ,  Z)  w i l l  be used i n  t h i s  paper t o  

s tudy  the  equat ions formulated i n  Sec t ion  11. 

c o o r d i n a t e s  is loca ted  a t  t he  moon's c e n t e r ,  and t h e  Z-ax i s  is  

pe rpend icu la r  t o  both the undisturbed s o l a r  wind v e l o c i t y  U 

r e s p e c t  t o  t h e  c e n t e r  of t h e  moon and t h e  undis turbed i n t e r p l a n e t a r y  

magnetic f i e l d  Bo upstream of t h e  moon. The scale of t h e  coord ina te  

system is normalized by us ing  t h e  moon's r a d i u s  as a u n i t  length.  

The o r i g i n  of t h e  

w i t h  
-0 

- 

The d i s t r i b u t i o n  of t h e  plasma d e n s i t y  and t h e  d i s t r i b u t i o n  of t h e  

magnetic f i e l d  are symmetrical about Z = 0 plane.  On t h e  p l ane  of 

symmetry 

b , = - - -  a b  - a n  = O .  
ax3 ax3 

It can be seen from (10) t h a t  Eq. (9)  has only one non-zero component 

a long t h e  binormal d i r e c t i o n  ( Z - d i r e c t i o n ) .  Thus t h e  v a r i a t i o n  of t h e  

magnetic f i e l d  on t h e  p l ane  of symnetry ( Z  = 0 plane) i s  governed by two 

e q u a t  i o n s  

and 

2b) [ 1 a ( r b b )  - abr.] 
< n + - f s -  r 3  
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where Y E a r c t a n  (be /b r ) ,  

of ( l l ) ,  the v a r i a t i o n  of magnetic f i e l d  on t h e  p l ane  of symmetry couples  

w i t h  the, f i e l d  on i t s  neighboring p l anes .  

Z = 0 plane,  t h e  f i e l d  l i n e s  are e s s e n t i a l l y  p a r a l l e l  t o  t h i s  plane.  

t h i r d  term i n  Eq. (11) i s  i n  g e n e r a l  small compared w i t h  t h e  o t h e r  two 

terms. 

it  i s  assumed t h a t  on t h i s  p l ane  of a n a l y s i s  t h e  t e r m  a b Z / a 2 c a n  be 

neg lec t ed  from (11) , t hus  y i e l d i n g  

Through t h e  t h i r d  t e r m  on t h e  l e f t  hand s i d e  

I n  t h e  neighborhood of t h e  

The 

I n  o r d e r  t o  analyze t h e  v a r i a t i o n  of - b on t h e  p l ane  of synnnetry, 

E q s .  (12)  and (13) s u f f i c e  t o  s o l v e  f o r  t h e  two unknowns br and be on 

t h e  p l ane  of a n a l y s i s  provided t h a t  n and p a r e  known f u n c t i o n s  of r and 

8. 

In t roduc ing  a new f u n c t i o n  A ,  such t h a t  

and 

a A  
= - -  a r  ' 

Eq. (13) i s  s a t i s f i e d .  Eq. (12) can now be w r i t t e n  as 
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I f  t h e  plasma d e n s i t y  were not per turbed  i n  t h e  v i c i n i t y  of t h e  

moon ( i . e .  n = 1 everywhere), then t h e  t r i v i a l  s o l u t i o n  o f  (15) would 

r e p r e s e n t  t h e  undis turbed  f i e l d  w i t h  

where 8,  is  t h e  d i r e c t i o n  angle  of t h e  undis turbed  magnetic f i e l d ,  t h a t  

is t h e  angle  between - Uo and B4. 

and P , / P l l o  c a l c u l a t e d  from a f r e e  molecule flow model i n  Paper  1 w i l l  be 

s u b s t i t u t e d  i n t o  Eq. (15) t o  c a l c u l a t e  A. The maximum p e r t u r b a t i o n  

of  b by t h e  luna r  wake is  o f  the o r d e r  of 30 pe rcen t .  The e f f e c t  of t h e  

f i e l d  p e r t u r b a t i o n  and t h e  induced e l e c t r i c  f i e l d  on N / N o  and P ~ I / P ~ ~ ~  i s  

no t  included i n  t h e  c a l c u l a t i o n .  The z e r o t h  o r d e r  s o l u t i o n  of N/No and 

P , ,  /P i lo  a r e  known func t ions  of p o s i t i o n  and two d imens ionless  parameters :  

t h e  d i r e c t i o n  angle  8 ,  and the  speed r a t i o  S: 

The z e r o t h  o r d e r  s o l u t i o n s  f o r  N / N o  

where t h e  p a r a l l e l  temperature  of t h e  plasma Til is def ined  as 

co 

kTlli2 = (1/N ) J' (mC11"/2)fdC. -- 
-cn 

There fo re ,  t h e  s o l u t i o n  of Eq. (15) w i l l  depend on fou r  d imens ionless  

parameters: 1 1 ,  S, 0 , ,  and B .  

E q .  (15) w i l l  bc s tud icd  in a closed rcg ion  bctwecn two concc i i t r ic  

c i r c l e s :  l - A r ~ R .  I f  t h e  ou te r  boundary r=K i s  chosen a t  a d i s t a n c e  v e r y  

f a r  away from the  luna r  su r face ,  i . e , ,  RX>l, then  i t  may be assumed t h a t  

t h e  f i e l d  is not d i s t u r b e d  on the boundary r = R .  I t  is  a l s o  assumed t n a t  
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the f i e l d  l i n e s  a r e  smoothly convected through t h e  l u n a r  body so t h a  

t h e  f i e l d  is not d i s t u r b e d  i n  i t s  i n t e r i o r  o r  on t h e  l u n a r  su r face .  

Thus t h e  boundary cond i t ions  of t h e  problem can be w r i t t e n  as 

A ( r = l ,  0 )  = cos (o0 - e ) ,  

and 
A(r=R, e) = Rcos(O0 - e) .  

A r a t h e r  simple boundary cond i t ion  on t h e  l u n a r  s u r f a c e  i s  assumed 

i n  t h e  present  study. However, t h e  method o f  s o l u t i o n  developed i n  t h i s  

paper  can be used t o  s tudy  t h e  same problem once t h e  p h y s i c a l  p r o p e r t i e s  

o f  t h e  moon become b e t t e r  understood and a more a c c u r a t e  c o n d i t i o n  

can  be p re sc r ibed  on t h e  l u n a r  body. The e f f e c t  of t h e  p r e s c r i b e d  

s u r f a c e  cond i t ion  on t h e  p e r t u r b a t i o n s  of t h e  magnetic f i e l d  is  l i m i t e d  

t o  t h e  immediate neighborhood o f  t h e  moon, s ay  r < 2. I n  t h e  o u t s i d e  

r e g i o n  t h e  p e r t u r b a t i o n s  of t h e  magnetic f i e l d  are dominated by t h e  

plasma flow f i e l d .  

An i t e r a t i v e  method is used t o  f i n d  t h e  s o l u t i o n  of t h e  non l inea r  

Po i s son  equat ion (15). For t h i s  purpose,  Eq. (15) may be w r i t t e n  as 

where 

A t  t h e  i t h  s t e p ,  Gi-l  i s  eva lua ted  bascad on t h e  s o l u t i o n  of A i - l .  A t  

t h e  f i r s t  s t e p ,  t h e  undis turbed s o l u t i o n  (.t) is  uLcd to evu lun te  C , .  
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I n  each i t e r a t i o n  t h e  source term G 

and t h e  numerical  problem is t o  solve Po i s son ' s  equa t ion  f o r  A 

t h e  computations c a r r i e d  ou t  i n  t h i s  paper ,  t h e  i t e r a t i o n  p rocess  

con t inues  u n t i l  t h e  c o n d i t i o n  o f  convergence 

is a known f u n c t i o n  of r and 8 ,  
i- 1 

For i' 

Ibi - bi-ll < 0.001 

i s  m e t  everywhere i n  t h e  domain of t h e  s o l u t i o n .  
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. I V .  METHOD OF NUMERICAL SOLUTION 

The problem t o  be d iscussed  i s  the numerical  s o l u t i o n  of  Po i s son ' s  

equa t ion ,  

s u b j e c t  t o  the boundary cond i t ion  ( 1 7 ) .  Here t h e  s u b s c r i p t s  i and i-1 

have been dropped from (18). Recently Hockneyl' has  developed a d i r e c t  

method f o r  f i n d i n g  t h e  s o l u t i o n  of the Poisson ' s  equat ion  i n  a r ec t angu la r  

r e g i o n .  H i s  method i s  extended here  t o  s o l v i n g  Poisson ' s  equat ion  (19) 

i n  a r eg ion  between two concen t r i c  c i r c l e s .  

In t roducing  s = In  r and H = r?G, Eq. (19) can be w r i t t e n  as 

aaA + d"A 
as" x F = H  

The o u t e r  boundary i s  chosen a t  R = exp (6.4) - 600, where the  p e r t u r b a t i o n  

of  t he  plasma dens i ty  i s  l e s s  than two p e r c e n t .  The problem i s  then t o  

- - 

so lve  Po i s son ' s  equat ion  (20) i n  a c losed  r ec t angu la r  reg ion:  0 S s I 6 . 4  

and 0 5 Q 5 2n i n  s ,Q-coord ina te s .  The boundary condi t ions  a r e  transformed 

by t h e  mapping t o  

A (s=O, Q) = cos ( 8 ,  - Q) 

A (s=6.4, Q) = exp (6.4) cos (0, - Q) 

and A (s ,  @=O) = A ( s ,  0=2n) 

( 2 1 )  1 
The t h i r d  boundary cond i t ion  a l lows  A(s ,Q)  t o  be Four i e r  analyzed 

wi th  respect:  t o  the  azimuthal  v a r i a b l e  8 ,  

N 
A ( s , Q )  = S a c ( s , o )  + C 

n= 1 
[ac ( s ,n )  cos nQ + a s ( s , n )  s i n  n e ]  ( 2 2 )  

and s i m i l a r l y  f o r  H(S,Q) where a c ( s , n )  and a s ( s , n )  a r e  t h e  Four i e r  
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ampli tudes of  t h e  cos ine  and s i n e  o f  t h e  n t h  harmonic. 

w i l l  be approximated by t h e  f i r s t  N modes. Computations a r e  c a r r i e d  o u t  

i n  t h i s  paper by choosing N=20. 

The p o t e n t i a l  A 

On s u b s t i t u t i n g  (22) i n t o  (20) ,  t h e  p a r t i a l  d i f f e r e n t i a l  equat ion  is 

reduced t o  two sets  of  independent o rd ina ry  d i f f e r e n t i a l  equa t ions  r e l a t i n g  

the  Four ie r  ampli tudes of  A(s ,0)  and H(s ,0 ) ,  

d2 
p 

d" 

( s , n >  - n2ac(s ,n)  = h,(s ,n)  (n=O,l, ..., N) 
and } (23) 

a ~ ( s , n )  - n 2 a s ( s , n >  = h s ( s , n )  (n=1,2 , .  . . ,N), 

s u b j e c t  t o  the  boundary cond i t ions  t h a t  a t  s=O and s= 6 . 4 ,  

a c ( s , l )  = e x p ( s )  sin0, 

a s ' ( s y l )  = -exp(s)  cos 0, 

a c ( s , n # l )  = 0 

and a , ( s , n # l )  = 0. J 

Since H i s  a known funct ion  of  s and 0 ,  t he  term on the  r igh t -hand s i d e  

of (23) can be c a l c u l a t e d  from 

and 

1 - T I  
h c ( s , n )  = TI H(s  , e )  cos  n0 d0,  

-TT 

The domain of the  s o l u t i o n  i n  the  8 ,  0-coord ina te  i s  spanned by a 

(128x360) mesh o f  uniform mesh spac ing  

and 
A s  = 0.05 

A Q  = 1 degree,  

wi th  s = 0.05 m (m = 0 , 1 , 2 , . . .  128) 

and 8 = P/180 (e= 0 ,  1 , 2 , . . .  360) ,  
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where 4 and m are the  i n d i c e s  i n  t h e  8 and s d i r e c t i o n s  r e s p e c t i v e l y .  

The o rd ina ry  d i f f e r e n t i a l  equat ions  (22) may be w r i t t e n  i n  f i n i t e  

d i f f e r e n c e  form as  

am-1 + foam + amtl  = go,, 

f o  = -2 - n2(As)2 

(m=1,2,. . . ,127) (25) 

where 

and go,m = (As)" hm . 
Here t h e  s u b s c r i p t s  s ,  c and n have been dropped f o r  b r e v i t y .  a, has  t h e  

p re sc r ibed  va lues  a t  m=O,128 given i n  (24). Eq. (25) c o n s t i t u t e s  a se t  of  

1 2 7  a l g e b r a i c  equa t ions  f o r  the  same number of unknowns am (m=1,2, . . .  1 2 7 ) ,  

and the  numerical  problem now i s  t h a t  of determining the  a m ' s .  

The s o l u t i o n  of  (25) f o r  am can be c a l c u l a t e d  by t h e  technique  of  

r e c u r s i v e  c y c l i c  reduction" . Consider t h r e e  neighboring e q u a t i o n s  from 

(25) 

f o r  m=2, 4 ,  6 ,  . . .  126. By mul t ip ly ing  the  second equat ion  by - fo  and 

adding,  one can Dbtain 

- - 
and g1,m g0,m-l - f o  go,m + go,m+1. 

Eq. (27) i s  i d e n t i c a l  i n  form t o  Eq. (25) except  t h a t  f o  i s  rep laced  

by f l  and go,m by g l Y m .  

and Eq. ( 2 7 )  r e p r e s e n t s  only 63 equa t ions .  This process  of reducing  the  

While Eq. (25) r e p r e s e n t s  a s e t  of  1 2 7  equa t ions ,  

number of  equa t ions  may be repea ted ,  l ead ing  t o  
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a m - j  + fk  am + a&j - - gk,m (k=1 ,2 , .  . . , 6 )  

j = 2  k 

f k  = 2 - fZ-1 

where 

- 
and gk,m - gk-1, m-j/2 - f k - l  gk-l,m gk-1, d j / 2  

f o r  m = j ,  s t e p  2 j ,  u n t i l  (128- j ) .  For  k=6, Eq. (28) g ive  

+ f 6  a64 + a128 = g6,64.  

Th i s  equat ion  i s  so lved  d i r e c t l y  f o r  a64. 

in te rmedia te  v a l u e s  o f  am a r e  c a l c u l a t e d  r e c u r s i v e l y  

Then from (28) ,  a l l  o t h e r  

am = (gk,m - a m - j -  a m + j ) / f k .  

a32 ,  a96 a r e  c a l c u l a t e d  a t  k=5, a 1 6 ~  a48,  a80,  al12 a t  k=4, e t c .  

Having obta ined  a l l  harmonic ampl i tudes  a, ( s , n )  and as (s,n) f o r  

s=0.05m (m=O, 1, 2 ,  . . .  128) ,  t h e  p o t e n t i a l  A can be c a l c u l a t e d  a t  a l l  

t h e  nodes of  t h e  (128x360) mesh by t h e  process  of  F o u r i e r  s y n t h e s i s  from 

E q .  ( 22 ) .  



- 17 - 

V. RESULTS 

For t y p i c a l  i n t e r p l a n e t a r y  condi t ions 7J 

t he  magnetic f i e l d  has a d i r e c t i o n  angle 8, 

of Pll0 t o  Ploy T, v a r i e s  between 1 .5  and 4 f o r  the s o l a r  wind plasma. 

The speed r a t i o ,  S ,  i s  of t he  o r d e r  of 10, and t h e  B va lue  i s  o f  t he  o r d e r  

of  u n i t y .  Based on these  va lues ,  some numerical  s o l u t i o n s  have been 

c a r r i e d  ou t  t o  d e s c r i b e  the  v a r i a t i o n s  of t he  magnetic f i e l d  on the  plane 

o f  a n a l y s i s .  

l2 a t  t h e  e a r t h ' s  o r b i t ,  

135' o r  315' and t h e  r a t i o  

F i g s .  1 and 2 show the pe r tu rba t ion  of t he  f i e l d  magnitude, B/Bo ,  t h e  

d i r e c t i o n  a n g l e ,  8 (def ined a s  t h e  angle  between -& and t h e  l o c a l  f i e l d  

c B ) ,  and t h e  l i n e s  of  fo rce  i n  the  v i c i n i t y  of t he  moon f o r  1=2, S=10,  

OO=135O and B = 1 .  

n a t u r e .  However i t  can be seen t h a t  i n  the  plasma umbral r eg ion ,  t h e  mag- 

n i t u d e  of t he  c a l c u l a t e d  magnetic f i e l d ,  B / B o ,  i n c r e a s e s  t o  about 25% 

above the undis turbed cond i t ion .  On e i t h e r  s i d e  of t he  plasma umbra the  

magnitude of t h e  f i e l d  dec reases  to  about 5% below t h e  i n t e r p l a n e t a r y  con- 

The pe r tu rba t ions  of t h e  f i e l d  e x h i b i t  a very complex 

d i t i o n .  A s  t h e  magnitude of  t h e  f i e l d  i n c r e a s e s  i n  t h e  plasma umbral 

r e g i o n ,  t h e  spac ing  between l i n e s  of  f o r c e  becomes narrower;  t h i s  causes  

t h e  d i r e c t i o n  angle  0 t o  i nc rease  i n  t h e  u m b r a l  r e g i o n .  

The d i v i s i o n  of t h e  plasma shadow i n t o  umbral and penumbral r e g i o n s  

was d i scussed  i n  Reference 5 .  Since t h e  plasma d e n s i t y  v a r i e s  con t inuous ly  

through the  penumral r eg ion  from the i n t e r p l a n e t a r y  c o n d i t i o n  No t o  t h e  

void c o n d i t i o n ,  i t  has  been suggested" t h a t  t he  plasma penumbra be de f ined  

a s  t h e  r eg ion  where 0.01 < N/No < 0.99 and the plasma umbra, the r eg ion  

wi th  N/N, < 0.01.  Follcwing t h i s  d e f i n i t i o n ,  t he  d i s t r i b u t i o n  of t he  
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l i n e s  of  force  i n  the  two r eg ions  i s  shown i n  F i g .  3 .  

The d e t a i l e d  v a r i a t i o n s  of the  f i e l d  magnitude a r e  p l o t t e d  i n  F i g .  4 ,  

from which the  a l t e r n a t i n g  inc reases  and decreases  i n  the  magnitude of  

t h e  magnetic f i e l d  o u t s i d e  t h e  umbra a r e  n o t i c e a b l e .  

d i f f e r e n t  speed r a t i o s  (S=5 and 10) a r e  p l o t t e d  i n  F i g .  4 .  The s o l u t i o n  

f o r  S=10 shows a more prominent o s c i l l a t i n g  p a t t e r n  of t h e  f i e l d  magnitude 

than  t h e  so lu t ion  f o r  S = 5 .  These f i g u r e s  can show the  p e r t u r b a t i o n s  of  

the  f , i e ld  i n  the  f a r  wake r eg ion  a s  w e l l  a s  i n  t h e  near  wake r eg ion .  

t he  d i s t ance  from the  moon i n c r e a s e s ,  t he  anomaly of t h e  magnetic f i e l d  

dec reases  in magnitude and spreads  over  a wider r eg ion .  

two cases  in  F ig .  4 ,  it can a l s o  be seen t h a t  t h e  anomaly o f  t h e  magnetic 

f i e l d  does not  seem t o  be s t r o n g l y  a f f e c t e d  by t h e  speed r a t i o  S .  

So lu t ions  f o r  two 

A s  

Comparing t h e  

The maximum i n c r e a s e s  i n  the  magnitude o f  t h e  f i e l d  a t  vary ing  d i s -  

t ances  r a re  presented  i n  F ig .  5 .  It can be seen t h a t  f o r  the  same va lues  

of  t he  d i r e c t i o n  angle  g o ,  t he  maximum anomalies vary only  s l i g h t l y  f o r  

d i f f e r e n t  speed r a t i o s .  However i f  t he  speed r a t i o  i s  h e l d  c o n s t a n t ,  t h e  

maximum anomalies vary  no t i ceab ly  wi th  t h e  va ry ing  d i r e c t i o n  angle  0,. 

This  e f f e c t  may be expla ined  from E q .  (10) a s  fo l lows .  When B-o i s  n e a r l y  

perpendicular  t o  Eo, t he  g rad ien t  of n a long  the  normal d i r e c t i o n  (&/ax,)  

i s  r e l a t i v e l y  sma l l .  

3n/3x2 inc reases ,  and so does t h e  t o t a l  induced c u r r e n t  i n  t h e  wake r e g i o n .  

The inc reas ing  source t e r m  d i r e c t l y  i n t e n s i f i e s  t he  anomaly of t h e  magnetic 

f i e  Id.  

When t h e  acu te  ang le  between Eo and - Uo dec reases ,  
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VI. SUMMARY 

A t h e o r e t i c a l  model f o r  v a r i a t i o n s  of t h e  magnetic f i e l d  i n  t h e  

luna r  wake i s  s t u d i e d  by d i r e c t l y  so lv ing  Maxwell's equa t ions  f o r  s t eady  

s t a t e  s o l u t i o n s .  It i s  assumed t h a t  t h e  t o t a l  e l e c t r i c  c u r r e n t  i s  com- 

posed of t he  magnet izat ion c u r r e n t ,  the  g r a d i e n t  d r i f t  c u r r e n t  and t h e  

cu rva tu re  d r i f t  c u r r e n t .  The plasma flow i n  t h e  lunar  wake i s  approximated 

by t h e  a n a l y t i c a l  s o l u t i o n  obtained from a f r e e  molecule flow modell .  

Numerical s o l u t i o n s  a r e  obtained t o  d e s c r i b e  the  magnetic f i e l d  i n  t h e  

plane pass ing  through t h e  cen te r  of t t .e  moon and p a r a l l e l  t o  both the  

s o l a r  wind v e l o c i t y  and t h e  i n t e r p l a n e t a r y  magnetic f i e l d  upstream of the  

moon. 

A s  the  s a t e l l i t e  passes  through the s o l a r  plasma shadow of the moon, 

the magnitude of the magnetic f i e l d  i s  observed t o  inc rease  i n  the umbral 

r eg ion ,  while o u t s i d e  t h e  umbra the p e r t u r b a t i o n  o f  the f i e l d  appea r s  t o  

fol low a p a t t e r n  of a l t e r n a t i n g  decreases  and i n c r e a s e s  i n  the magnitude 

of  the f i e l d .  The umbral i nc reases  i n  t h e  magnitude of t h e  magnetic f i e l d  

c a l c u l a t e d  from t h i s  model ag ree  wel l  w i th  experimental  o b s e r v a t i o n s .  The 

magnitude of the innermost penumbral dec reases  c a l c u l a t e d  from t h i s  model 

i s  t o o  small  by a f a c t o r  of two or  more compared wi th  experimental  obser-  

v a t i o n s .  The c a l c u l a t e d  anomalies of t h e  f i e l d  o s c i l l a t i o n s  o u t s i d e  t h e  

plasma umbra are a l s o  smaller than t h e  observed anomalies.  
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FIGURE CAPTIONS 

F igu re  1 D i s t r i b u t i o n s  of t h e  magnitude of t h e  magnetic f i e l d  and 

t h e  l i n e s  of f o r c e  i n  the  v i c i n i t y  of t h e  moon. 

D i s t r i b u t i o n s  of t h e  d i r e c t i o n  angle  and t h e  l i n e s  of f o r c e  

i n  t h e  v i c i n i t y  of t h e  moon. 

D i s t r i b u t i o n s  of t h e  l i n e s  of  f o r c e  i n  the  plasma umbral and 

the p l a s m a  penumbral region.  

V a r i a t i o n s  of t h e  f i e l d  magnitude f o r  two speed r a t i o s  S=5 

and S=10. 

The maximum i n c r e a s e s  i n  t h e  magnitude of t h e  magnitude f i e l d  

a t  va ry ing  d i s t a n c e s  r. 

F igu re  2 

F igu re  3 

Figure  4 

Figure  5 
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